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Abstract. In this paper we study absolutely summing mappings on 
Banach spaces by exploring the cotype of their domains and ranges. 
It is proved that every n-linear mapping from £cx)-spaces into K is 
(2; 2, 2, oo)-summing and also shown that every n-Iinear mapping 
from £oo-spaces into F is (g; 2, 2)-summing whenever F has cotype 
q. We also give new examples of analytic summing mappings and poly- 
nomial and multilinear versions of a linear Extrapolation Theorem. 



1. Introduction 

In the fifties, A. Grotliendieck's seminal paper ^ "Resume de la theorie 
metrique des produits tensoriels topologiques" provided the fundamentals 
of the absolutely summing operators theory. Subsequently, J. Lindenstrauss 
and A. Pelczyhski ^ simplified Grothendieck's tensorial notations leading 
to many interesting results. The multilinear theory of absolutely summing 
mappings was outlined by Pietsch jJH] and has been developed by several 
authors (Alencar and Matos |^, Floret and Matos [7j, Matos Schnei- 
der ^ni, Tonge and Melendez Botelho [Sl^lHI) among others). Matos 
^2j,^ni; ^l| also begun to study the concept of holomorphic absolutely 
summing mappings and a more general definition in such a way that the 
origin was not a distinguished point. The contribution of the notion of co- 
type to this theory is relevant and can be seen in [2],|2j and 0- In this 
paper, we will generalize several results of 13^ and [2] and also give new Co- 
incidence Theorems and examples of absolutely summing holomorphic and 
analytic mappings. 

2. Notation, general concepts and basic results 

Throughout this paper E, Ei, En, F, X,Y will always denote Banach 
spaces and the scalar field K can be either R or C. We will denote by 
C{K) the Banach space of continuous scalar valued functions on X (compact 
Hausdorff space) endowed with the sup norm. 

The Banach space of all n-linear continuous mappings from Ei x ... x En 
into F endowed with the canonical norm will be denoted by C{Ei, En',F) 
and the Banach space of all continuous n-homogeneous polynomials P from 
E into F with the norm ||P|| = sup{||Px||; ||x|| < 1} will be denoted by 
Vi^E, F). A mapping f : E ^ F will be said analytic at the point a G E, 
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there exist a ball Bs{a) and a sequence of polynomials Pk € Vi^E, F) such 
that 

oo 

/(x) = Pk{x — a) uniformly for x G Bs{a). 

k=0 

Henceforth 6a will be called the radius of convergence of / around a. To 
emphasize the case IK = C, we will sometimes use the term "holomorphic" 
in the place of "analytic". Every analytic mapping in the whole space will 
be called entire mapping. 

For the natural isometry 

^ ■.C{Ei,...,En;F) ^ C{Ei,...,Et;C{Et+i,...,En;F)) 

we will use the following convention: If T G C{Ei, En',F) then ^(T) = Ti 
and iiT € C{Ei,...,Et;CiEt+i,...,En;F)), then ^-\T)=To. 

For p g]0, oo[, the linear space of all sequences {xj)JLi in E such that 

oo 

ii(x,-)f=iiip = Eiix,-r)'<oo 

will be denoted by lp{E). We will also denote by lp{E) the linear space of 
the sequences {xj)JLi in E such that 

{<^,Xj >)~ 1 G /p(]fC), 

for every continuous linear functional ip : E ^ "K. We also define ||.||iup in 
1^{E) by 

oo 

\\{xj)j(:n\\u,,p = sup |< if.Xj >|^)f . 

The case p = oo is just the case of bounded sequences and in loo{E) we use 
the sup norm. The linear subspace of lp{E) of all sequences {xj)JLi G lp{E), 
such that 

lim \\{xj)'^^\\^^p = 0, 

is a closed linear subspace of {E) and will be denoted by (E) . The case 
p = 1 motivates the name unconditionally p-summable sequences for the 
elements of /^(^) ([12 ). One can see that || . ||p (|| ■ ||io,p) is a p-norm in lp{E) ( 
lp{E)) for p < 1 and a norm in lp{E){ lp{E)) for p > 1. In any case, they 
are complete metrizable linear spaces. 

Definition 1. Let 2 < g < oo and {rj)JL^^ he the Rademacher functions. 
The Banach space E has cotype q, if there exists Cq{E) > 0, such that, for 
every A; G N and xi, ...,Xk G E, 

{Y.\\x,r)-^<C,{E){] ||^r,(t)x,fdt)l. 
i=i i=i 
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To cover the case q = oo, we replace (X]j=i ll^ill'')'' 

max{||xj||; 1 < j < k}. 
We will define the cotype of E by cotE = inf{2 <q< oo;E has cotype q}. 

Definition 2. (Matos) A continuous n-linear mapping T : EiX ...x En — > F 

is absolutely (p; qi, qn)-summing (or {p; qi, qn)-summing) at (ai, a„) G 
El X ... X En if 

(r(ai + xf\..., an + xf^) - T{ai, a„))°^i € lp{F) 

for every {x~^'^)J^i S l'^^{E), s = 1, A continuous n-homogeneous poly- 
nomial P : E ^ F is absolutely (p; q) -summing (or (p; q) -summing) at a & E 
if 

{P{a + x,)-P{a))f^iel,{F) 
for every ^ G lq{E). 

The space of all n-homogeneous polynomials P : E ^ F which are {p; q)- 
summing (at every point) will be denoted by Vas{p;q){E){'^E; F). The space 
of all n-homogeneous polynomials P : E ^ F which are (p; g)-summing 
(at the origin) will be denoted by Vas{p-q)i^E; F). Analogously for n-linear 
mappings. 

It must be noticed that the aforementioned definition, where the origin is 
not a privileged point, is actually a more restrictive definition. For example, 
if n > 1 every n-linear mapping T from li x ... x li into li is absolutely 
(1; l)-summing at the origin, but we can always find a 7^ such that T is 
not absolutely (1; l)-summing at a Besides, the above definition turns 
possible to consider an absolutely summing holomorphy type in the sense of 
Nachbin (see pUj). 

One can prove that if r < s then the unique polynomial which is absolutely 
(r; s)-summing at every point is the trivial. 

For n-homogeneous polynomials and n-linear mappings, the polynomials 
(n-linear mappings) (^;p)-summing will be called p-dominated polynomials 
(n-linear mappings) (see jl2j.jl5j^. For the p-dominated polynomials (n- 
linear mappings) several natural versions of linear results still hold, as well 
as Factorization Theorems, Domination Theorem, etc. jl2|.|15j.|19j. 

The following characterization will be useful: 

Theorem 1. (Matos 12 ) Let P be an m -homogeneous polynomial from E 
into F .Then, the following statements are equivalent: 

(1) P is absolutely {p;q)- summing at 0. 

(2) There exists L > such that 

00 

{J2 wpi^jW)' < L|i(x,)r=iC,,v(x,)r=i g i:;{e). 
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(3) There exists L > such that 

k 

(E ll^(^J-)ir)^ < L||(x,),tiC,,VA: e N,Vxi, ...,Xk. 
j=i 

(4) {P{xj))f=, G lp{F) for every {xj)f^, G /-(i?). 

The infimum of the possible constants L > is a norm for the case 
p > 1 or a p-norm for the case p<l(12or 17 page 91) on the space of 
the absolutely {p; (7)-summing polynomials. In any case, we have complete 
topological metrizable spaces. We will use the notation ||.||as{p;g) for this 
norm (p— norm). 

The characterization for the multilinear case and the definition of the 
norm (p-norm) follows the same reasoning. 

The following Theorem plays an important role in our future results: 

Theorem 2. (Maurey-Talagrand ^^^)If E has cotype p, then id : E ^ E is 
{p; l)-summing. The converse is true, except for p = 2. 

The next definition, due to Lindenstrauss and Pelczyhski is of fundamen- 
tal importance in the local study of Banach spaces and their properties: 

Definition 3. Let 1 < p < oo and let A > 1. The Banach space X is said to 
he an Cp^\ space if every finite dimensional subspace E of X is contained in 
a finite dimensional subspace F of X for which there exists an isomorphism 
ve '■ F —* Ip™^ with \\ve\\\\v'^^\\ < A. We say that X is an Cp space if it is 
an Cp X space for some A > 1. 

3. Absolutely summing polynomials and multilinear mappings 
explored by the cotype of their ranges 

The relation between cotype and absolutely summing linear mappings 
is clear by Theorem [51 For points different from the origin we have the 
straightforward following results: 

Lemma 1. Every continuous n-linear mapping T : Ei x ... x En ^ F is 
such that 

(r(ai + xf\ an + xf) - T{ai, a„))~ i G lf{F) 

whenever {Xj^^)^!^ G If (Ei), {x^j^^)j^i G If {En)- The polynomial version 
is immediate. 

Proof. We just need to invoke a well known, albeit unpublished, result of 
Defant and Voigt which states that every scalar valued n-linear mapping is 
absolutely (1; l)-summing at the origin (see ^HI, Theorem 1.6 or J2|)) and 
explore multilinearity. 

Theorem 3. // F has cotype q, then every continuous n-linear mapping 
from EiX ...X En into F is {q; l)-summing on EiX ...x En- The polynomial 
case is also valid. 
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Proof. Since F has cotype g, Theorem |21 and Lemma ^ provide 

oo 

\\T{ai + x], .., an + x]) - T{ai, a„)P)^ < 

< \\(T{ai + x],...,a„ + x'j) - T{ai, an))'jLi\\w,i < oo 

whenever G lf{Ei),...,{x])f^-^ G lfiEn)M 

Theorem jS] generahzes to points different from the origin the following 
result: 

Theorem 4. (Botelho [2]j If F has cotype q then every continuous n- 
homogeneous polynomial from E into F is (g; l)-summing at the origin. 

In order to prove a new characterization of cotype in terms of absolutely 
summing polynomials we need the following Lemma: 

Lemma 2. IfVas{r;s)(E){''E-F)=V{''E-F) then C{E; F) = Cas{r,,^{E; F). 

Proof. (Inspired on the proof of Dvoretzky Rogers Theorem for polyno- 
mials [TT] ) 

It is clear that r > s. Let us consider a continuous linear mapping T : 
E ^ F. Define an n-homogeneous polynomial 

P{x) = ip{x)''-^T{x) 

where (p is a non null continuous linear functional. Then, choosing a ^ 
Ker{Lp), we have 

dP{a){x) = {n- l)ip{a)''-^ip{x)T{a) + (^(a)"-^r(x). 

It is not hard to see that dP{a) is absolutely (r; s)-summing (see Matos 
jllj ) and since (p is absolutely (r; s)-summing, it follows that T is absolutely 
(r; s)-summing.B 

It is worth remarking that the converse of Lemma El does not hold. In 
fact, 

Now we have another characterization of cotype: 

Theorem 5. Let n > 1. E has cotype q> 2 if, and only if, 

V{^E-E)=Vasi,;i)iE){''E-E). 

Proof. liV{''E]E) = Vas{q-i)(E)i'"'E; E) then, by Lemma H id : E ^ E 
is (g; l)-summing and consequently E has cotype q. Theorem 01 yields the 
converse. ■ 

The following recent Theorem of D.Perez ^^l, that generalizes a 2- linear 
result of Floret-Botelho |2j and Tonge-Melendez|15j. is an important instru- 
ment for other multilinear and holomorphic results, as we will see later. 
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Theorem 6. (D.Perez If each Xj is an Coo,\ space, then every con- 
tinuous n-linear mapping (n > 2) from Xi x ... x X„ into IC is (1;2,...,2)- 
summing at the origin and 

n 

\\T\\asil;2,...,2) < KcS^WnllXj. 

i=i 

The polynomial version of this Theorem is immediate and will be useful 
for us in the last section of this paper. 

Corollary 1. If X is an jCcq X space then every continuous scalar valued 
n-homogeneous polynomial {n > 2) P : X ^ is {l;2)-summing at the 
origin and 

\\P\\asil;2)<KG3'^\\P\\X^. 

We can explore last Theorem and the cotype of the range as follows: 

Theorem 7. If each Xj is an /^oo,A space and F has cotype q ^ oo, then 
every continuous n-linear mapping from Xi x ... x X„ into F is {q; 2, 2)- 
summing at the origin and 

n 

nia.(g;2,...,2) < C ,{F)Kg?>'^ \\T\\\{Xj . 

J=l 

In particular, if X is an C^o^x space and F has cotype q ^ oo, then 

VCX;F)=V,,^g,2)CX;F) 

and 

(3.1) Il^llasta2) < C,(F)ifG3^ ||P||A". 

Proof. Let i G l^{Xi), (/f G q{Xn). Since 

C{Xi, K) = /^as(l;2,...,2)(^l) •••) ^n'-, 

and for every R € C{Xi, X„; IC) we have 

n 

\\R\\as{l;2,...,2) < KcS'^WmUXj 

i=i 

then 

oo 

(J]||r(/f\...,/j"))r)i <Q(F)||(r(/f\...,/f)))-iiu^ 

oo 

= C,{F) sup ^|(y'oT)(/«,.. .,/("))! = 

< c,{F) sup ||y'or|U,(i^2,...,2)ll(/f^)r=iL,2...||(/j"^)r=iL,2 < 

<C,{F) sup C||y'or||||(/«)-i|U,2...||(/f^)r=ilU,2< 
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<C,{F) sup C||y'||||r||||(/«)-,|U,2...||(/f^)r=ilU,2< 

<c,(F)C||r||||(/f )-ilU,2...||(/j"))f=ilU,2 

where C = Kg?>^ \[ XjM 
i=i 

As a consequence of the last Theorem, we obtain a generahzation of a 
bihnear result of Botelho ( Hj ) , answering a question posed in [31 : 

Theorem 8. Ifn>2 and each Xj is an /3oo,A space then every continuous 
n-linear mapping T : Xi x ... x Xn ^ IK is (2; 2, 2, oo)- summing at the 
origin and 

n 

l|r|U,(2;2,...,2,oo) < C2(X„)KG3^||r|| n A, (Vn > 3). 

Proof. Let T : Xi x ... x Xn — > K be a continuous n-linear mapping. 
Then 

Ti : Xi X ... X Xn-i Xn is (2; 2, 2)-summing since Xj has cotype 
2. So, 



||Ti(x«,...,xf-^))f < C II ... II (xf-^))-, 

i=i 
and 

oo 

(Y: sup ||ri(x5.^...,xf-^))(xf))f)V2< 

< C II (xf 1 |U,2 ... II (xf-^))~ , |U,2 . 

If (x^"^)^;^ € /oo(^n) does not vanish, we have 

oo (n) 
j=l II l-^j /'j=l I loo 



l«',2 



Hence 



^ II (''y.(-'-)'\00 It II / (™-l)\00 II 

S O II [Xj 11^,2 ... II [Xj ||^^2 



El|Ti(.«,...,x("-^))(x("))f)V2< 

,{l)\oo II II (-^("-1)^00 II II rA'n)\oo 



< c II ixy>)r=i ... II or=i iu,2ii (xf ) 



and 

oo 



j=l I loo 



{Y\\T{xf\...,xf^)f)'/' < C II {xf)f^, |U,2 ... II (xf-^^)f=i |U,2|| (xf )r=i 



n-3 " 

where C = C2{Xn)KG^—\\T\\ fl A,-. 
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The case = does not offer any trouble. ■ 

For n = 2, Theorem |S1 has the following version: 

Proposition 1. If X is an Coo space, then every continuous 2 linear map- 
ping T : X X E ^ with cot E' = q = 2 is (r; r, oo)- summing at the origin 
for every r > 2. //cot E' = q > 2, then T is (r; r, oo) and {q;p, oo)-summing 
at the origin for every r > q and p < q. 

Proof. (Case q = 2) Let T : X x E ^ M.he a continuous bilinear mapping. 
Then Ti : X ^ E' is (r; r)-summing since E' has cotype 2 Hence 



and thus 



sup iiTi(x,)(%-)ir)'/'^ < c II (x,-)r=i L 

If {yj)JLi £ loo{E) does not vanish, we have 

oo 

II (.?/jVj=l I loo 



Hence 



and 



{j2 \\T,{x,){y,)\n'/^ < c II (x,)r=i iu,.ii iioo 



iir(x„y,)ir)'/'' < c II (x,)f=i iu,.ii (y,)r=i Hoc • 

i=i 

The case {yj)°?^i = does not offer any problem. 

A linear result of Maurey (see [1], page 223, Th. 11.14 a) provides, 
through the same reasoning, the proof of the case q > 2M 

Applying the same ideas we have the statement below: 

Proposition 2. // each Xj is an Coo space, then every continuous n-linear 
mapping T : Xi x ... x X„ x E ^ with cot E' = q > 2, q ^ oo is 
(q; 2, 2, oo)-summing at the origin. 

Theorem El can also be used to obtain other results. For example: 

Theorem 9. If each Xj is an Coo space and T : Xi x ... x X^ ^ K is a 

continuous n-linear mapping, then 

n = 2 ^ T is {r;r, r)-summing on Xi x X2, for every r > 2. 

n > 3 ^ T is {r;2, 2, r)-summing on Xi x ... x Xn for every r > 2. 
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Proof. The case n = 2 is the easiest and we wih omit the proof. For the 
case n = 3, let G Z^(Xi), (y,)- ^ G lfiX2) and G l^iX^). 

Then 

oo 

{Y,\\T{a + Xj,b + yj,c + z,) -T{a,b,c)\nT = 

oo oo 

i=i j=i 



oo 



+(5^(||r(x,,y,,c)|r)F + (^(||T(x,,6,z,)ir)' + £(ll^("'^'^i)in' 
j=l j=l j=l 

oo oo 

+(J](||T(a,y„c)|r)^ + (j;(||r(x„y,-,.,)in' <^ 
i=i j=i 

since every hnear mapping is {r;r) and (r; 2)-summing, every such bihnear 
mapping is (r;r, r), (r;2,r) and (r; 2, 2)-summing and every such 3-hnear 
mapping above is (r; 2, 2, r)-summing at the origin. 

For n > 3 we use an inductive principle. 

Theorem [7| can be extended as follows: 

Theorem 10. // each Xj is an, jCqo space and cot F — ^, then evevy contin- 
uous n-linear mapping from Xi x ... x X„ into F is {q; 2, 2)-summing on 
Xi X ... X Xn- 

Proof. If g = 2, it is enough to use the last reasoning with Theorem 
and the Dubinsky-Pelczyhski-Rosenthal (1^ page 223, Th. 11.14 (a) or P]) 
result which asserts that every linear mapping from an Coo space into F( 
with cot F = 2 ) is (2; 2)-summing. 

If g > 2, we shall use the same reasoning with the Maurey page 223, 
Th. 11.14(b)) result which asserts that every linear mapping from an C^o 
space into F{ with cot F = q > 2 ) is (g; p)-summing for each p < q.M 

4. R-FULLY ABSOLUTELY SUMMING MULTILINEAR MAPPINGS 

The following definition is inspired in the work of Matos [l^J which is 
being developed by M.L.V. Souza in his doctoral dissertation. 

Definition 4. A continuous n-linear mapping T : Ei x ... x En — > F will 
be said r-fully {p; qi, qn)-summing if 



jl,...,jrV=l 



(1) Jr) Jr+l) Jn) 



P 

< OO 



whenever (x['^)^-^ G l'^^{Ei),l = 1, ...,n. In this case we will write 

T G -C/(r)as(p;gi,...,<?„)(-E'l, ■■■■,En]F). 
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When r = 1, we have the {p;qi,..., gn)-summing mappings and when r = n 
we cah T just by fully (p; gi, gn)-summing, which is a concept introduced 
by Matos p] , 

A natural question is: Does every n- linear mappings from spaces into 
K. is fully (2; 2, 2)-summing? 

We will show in Corollary [21 that Theorem |H1 give us partial answers. 



Theorem 11. // F) = F), then 



^as(g,pi,...,p„-i,(xi){Ei, ...,En;F) C Cf(^2) 



as{q;pi,...,p. 



„-i,r){Ei,...,En;F). 



Proof. Let us consider T G ^as{q;pi,...,p„-i,oo) 

{Ei,...,En;F). If 



then, for each k fixed 

00 

'^fc '^ji - \\\y3)j=l\\wr 



<ii(y,)r=iii;,c(||T(x«,-,4""'\^fc) 

where each belongs to the unit ball Be„- 
Therefore 



< 



< 



as{q,r) 



EElh 

fc=i i=i 



<ii(2/.)Cc^E(||^(4'^- 



A;=l 



< 



+ ^)<oo.l 



Corollary 2. // eac/i E'^ is an >Coo space, we have 

£,{Ei, K) = /^/(2)as(2;2,...,2,2)(-E'l, ...,-E„;IK). 

Proof. It suffices to realize that £(£'„; K.) = £„g(2;2)(^n; I^) and apply 
last Theorem and Theorem 



5. Other results 

An important and broadly used result is the Generalized Holder 's In- 
equality, which is a natural instrument to deal with absolutely summing 
multilinear mappings. 

Theorem 12 (Generalized Holder's Inequality). If ^ < ^ + ... + then 
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IfT : El X ... X Eji — > is a continuous multilinear mapping where at 
least one of the spaces which compose the Banach spaces of the domain has 
finite cotype, we can state the following result. 

Theorem 13. IfT:EiX...x En F is a continuous multilinear mapping, 
Qj = cot Ej, j = 1, ...,n, and at least one of the qj finite, then, for any choice 
of aj € [gj,oo], with at least one of the aj finite, T is {s;bi, ...,bn) -summing 
at the origin, for any s > 0, such that ^ < + ••• + with bj = 1, if 
aj < oo, and hj = oo if aj = oo. 

Proof. Obvious, using Theorem |21 after some reasoning on how to opti- 
mize the use of the Generalized Holder's Inequality. 
As a corollary, we have the a result due to Botelho 0. 

Corollary 3. If T : Ei x ... x En F is a continuous multilinear mapping 
and Qj = cot Ej < oo for every j = 1, ...,n, then T is (s; 1, l)-summing 
at the origin for any s > such that ^ < ^ + ... + 

Theorem 1131 shows that even if just one of the spaces of the domain has 
finite cotype, the multilinear mapping is still well behaved. As an illustration 
we can see the example below. 

Example 1. If E has cotype p, then every T : C{K) x ... x C{K) x E ^ F 
is (p; oo, ...,oo,l)- summing at the origin. 

The following results show more about the mechanism of absolutely sum- 
ming mappings. 

Proposition 3. If C{Ei, En, F) = Cas{r;si,...,st,oo,...,oc){Ei, E^, F) then 
C{Ei, ...,Et;F) = £„g(r;si,...,st)(-^i' ■■■^Et]F). 
Proof. Given T € C{Ei, ...,Et;F) let us define 

S{ai, ...,an) = T{ai, ...,at)(pt+i{at+i)...(pn{an) 

where (ft+i, are non trivial bounded linear functionals. Let &i+i, hn 

be such that 

Lpt+l {bt+l) = ... = ^Pn{bn) = 1. 

It follows that T G Cas{r;s,,...,st){Ei, Ft] F). In fact, if {x\)f^^ G ll{Ei) we 
have 

oo oo 

Y,\\nxf\...,xfw = Y,\\s{xf\...,xf,bt+i,...,bn)v<cx^M 

i=i i=i 
The next statement suggested by Matos extend the Lemma 3.2 of [2]: 

Proposition 4. If C{Ei, En, F) = Cas{r;si,...,st,oo,...,oc,){Ei, En, F), then 

){Fi, Ft; C{Et+i, En, F)) 

and conversely. 
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Proof: Suppose 

C{Ei, En', F) = /^as(r;si,...,st,oo,...,oo)(^l5 •••) -^ni -^)- 

Let T : El X ... X Et — > C{Et-\-i, En] F) be a continuous multilinear 
mapping. We have 



(^||r(xS^'\...,xp))ir)^ = sup \\T{x[^\...,xi'%t+i,...,ynWy- < 

7=1 j=i llyfell<i 

■' ■' fc = t + l,...,n 

OO ^ 

= (5;iiro(xi^-\...,xp),y;5„...,#)ir+^)^<oo 



2J 

if (xi^'))G/-(^i),-,(4'^)e^r,(^t). 

On the other hand, suppose 
C{Ei, ...,Et;£{Et+i, En;F) = /^as(r;si,...,st)(-E^i; Et] C{Et+i, En;F). 
UT : El X ... X En — > F, and 

we have 

OO OO 



(5.1) <||(ySi)||oo...||(#)||oo^||Ti(xi^ 
We can see that it is also true that 

€ ^as(r;si,...,st,oo,...,oo)(-^l; ■••) Fn, F^ ^ 

Et;C{Et+i, En;F)) 

and 

T G £aj,(r;si,...,st,)(-Si,...,£'t;£(ii^t+i,---,-E'„;F)) ^ 

^ Tq G ^as(r;si,...,st,oo,...,oo)(-^l; •••) En] F).M 

Remark 1. The reader shall note that the converse of Proposition\^ cannot 
hold. In fact, we know that C{E;M.) = £.as{i;i)iE',^)- If the converse of 
Proposition\^held, we would have £(£',£'; K) = Cas(i-i,oo){E , E;K.) and by 
Proposition ^ 

C{E;E) = Cas{i-i){E; E) 
which is impossible, in general (see ^). 

Proposition |1] also furnishes an Inclusion Theorem for bilinear mappings. 
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Proposition 5. ( Inclusion for bilinear mappings) 

Ifr>S then Cas(s-s,oo){El, E2; F) C Cas{r;r,oo){El, E2; F). 

Proof. If r > s and T G Cas{s;s,cxi){Fi, E2; F), then by Proposition 0J 
Ti : El ^ C{E2\ F) is (s; s)-summing. By the Inclusion Theorem for Unear 
mappings, Ti will be (r; r)-summing and again by the Proposition |1J T will 
be (r; r, oo)-summing at the origin. ■ 

Example 2. The famous Grothendieck 's Theorem, which asserts that every 
linear operator from an Ci space into an £2 space is (1; l)-summing, and 
Proposition ^ lead us to conclude that if Ei and E2 are Ci and C2 spaces 
respectively, then 

C{Ei,E2]'K) = Cas{l-l,oo){Fl-,E2]'K). 

Thus, Proposition El yields 

C{Ei, E2;K) = Cas{r-r,oo){Fl, E2;K) 
for every r > 1. However, despite Grothendieck 's Theorem we know that 

C-{h,h;h) / -Cas(l;l,oo)(^l) ^1; ^2) 

and furthermore 

The result below has the same spirit of the last Proposition. 

Proposition 6. If T : Ei x ... x En F is p-dominated, then T is 
(^^; r, r, oo)-summing for every r > p. 

Proof. UT : El X ... X En — > F is p-dominated, then, by Grothendieck- 
Pietsch domination Theorem, if Ti : E'l x ... x En-i C{En', F) is such that 
Ti = ^(T), we obtain, for r > p, 

||Ti(a;i,...,a;„_i)|| = sup ||ri(xi, x„_i)(y)|| = 
\\y\\<^ 

= sup ||T(xi, ...,Xn-i,y)\\ < 

Il2/ll<l 

< sup C{ / I ip{xi) f / I (p{y) I'' diJ.n)~ < 

\\y\\<l Jb^,^ Jb^,^ 

<C{ \ (p{xi) dm)' ...{ \ ip{Xn-l) r dUn-l)^ ■ 

J Bj^f J ^e' 

1 n— 1 

Thus, Ti is r-dominated and, by Proposition 01 T = {Ti)o 
is (^j^r; r, r, oo)-summing. 

Corollary 4. If every T : Ei x ... x En F is p-dominated, then every 
T : Ej^ X ... X Ej^ F, with 1 < r < n and ji, jr S {!,... ,n} mutually 
disjoint, is p— dominated. 
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Proof. By Proposition IHl we have 

C{Ei, ...,En]F) = /^as(^;p,..,p,oo)(-^l) ■■■,En]F) 

and by Proposition we obtain 

C{Ei, ...,En-i;F) = Cas{:^;p,...,p){Fl, .. ., ; F) . 

The other cases use the same arguments. ■ 
Similar reasoning furnishes the next Corollary. 

Corollary 5. // every T : Ei x ... x En ^ F is p-dominated, then for every 
permutation vr : {1, n} — > {1, n} we have 

^{Ftv{i), E^^ty,C{E^(j;j^i^,..., E^(^n)',F)) = 

= -^asd ,p,..,p)(^7r(l)) •••1 ^7r(t); ^(^7r(t+l)) ^7r(n); -^))- 

The next result is essentially due to Botelho 

Corollary 6. If some Ej is an Coo space, at least one other E^ is infinite 
dimensional and dimF = oo, then, regardless of the p > 1, we have 

C{Ei, ...,En]F) / ...,En]F). 

Proof. There is no loss of generality in assuming j = 1. If the equality 
held we would have 

C{Ei;C{E2, En, F)) = Cas{p-p){Ei; C{E2, En, F)) 

which is a contradiction since C{E2, ...,En',F) has only infinite cotype (see 
11,0). 

6. Extrapolation Theorems 

The linear theory of absolutely summing operators has some strong co- 
incidence Theorems (see Many of them have their polynomial versions 
(see |lU|.|15j). We will give a polynomial and a multilinear version for the 
Maurey Extrapolation Theorem: 

Theorem 14 (Polynomial Extrapolation Theorem). Ifl<r<p<oo and 
X is a Banach space such that 

(6-1) 'Pas(^;p)C^if-p) ='Pas(^;r){'^X;lp) 

then, for every Banach space Y we have 

(6.2) P,,(Z;p)("X;y) =P,,(i^i)("X;y) 

Proof. Consider 

^■.X ^C{Bx'):x^ f^ 
where fx{x*) =< x*,x > . We will denote K = Bx* ■ Let us denote by P{K) 
the set of all probability measures on K with the weak star topology. For 
each // G P{K) define 

J^:XC C{K) ^ Lp{^J) 
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as the restriction of the canonical inclusion from C{K) into Lp(fi). 

Let : X — > y be an n-homogeneous (^;p)-summing polynomial. The 
polynomial version of Grothendieck-Pietsch Domination Theorem tells us 
that there exists £ P{K) such that 

/ n I n 

\\Rx\\<C[ \<^,x>\P dfioiv)]^ =C[ \ j^,{x){^) \P dfio{^)]p = 

JK JK 

= for every x in X. 

We must find A S P{K) and a constant D (depending on X ) such that 

(6.3) IU^o(^)IIl,(^o) < D\\h{x)\\L,(X) Vx G X, 

and then the Theorem will be proved. Indeed, we will have 

= ci[f \Mx){x*)\dx{ip)r = c\[[ \x*{x)\dx{^)r 

JK JK 

and the Grothendieck-Pietsch Polynomial Domination Theorem yields that 
R is l)-summing. 

In order to prove ()6.3() it is enough to note that 

imply Cas,p{X;lp) = Cas,r{X;lp), and it is enough to end the proof (this 
is done in the proof of the linear Extrapolation Theorem. See Th. 3.17 of 

EI)" 

For the multilinear version, the same reasoning give us the following state- 
ment: 

Theorem 15. Ifl<r<p<oo and X is a Banach space such that 

then, for every Banach space Y , we have 

Cas{l;'ij){''X]Y) = /:^^(i.^)("X;y). 

7. Absolutely summing mappings 

The concept of absolutely summing mapping (non necessarily multilinear 
or polynomial) and the first results and examples are due to M.Matos jl2j . 

Definition 5. (Matos) A mapping f : E ^ F is absolutely {s;r)- summing 
ataeE if U{a + Xj)- f{a))f^^ G ls{F) whenever {xj)f^^ G Iri^)- We say 
that f : E ^ F is weakly absolutely {s, r) -summing at a € E if [f{a + Xj) — 
/(a))j"ti G IfiF) whenever {xj)^^^ G l'^{E). 
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Since for every {xj)fLi € lr{E) we have hnim-^oo {xj)fL,^ = 0, it is 

w,r 

clear that limm->oo ll^^mll = 0. Therefore, there is no loss of generality if, in 
the definition above, we restrict ourselves to {xj)j^^ G ^r(-^) with \\xj\\ < 6 
for all j and some 6. 

It is possible to prove that if f : E ^ F is absolutely (s; r)-summing at 
a E then / is continuous at a The behavior of / outside an open 

neighborhood of a is completely irrelevant. 

In [3v, Botelho proves for the complex case, using Cauchy integral formu- 
las, that, if cot E = q, every holomorphic entire mapping f : E ^ F such 
that /(O) = is (q; l)-summing at the origin. We will prove that Cauchy 
integral formulas are not essential and this result still holds for the real case 
and for non zero points. 

Lemma 3. If g : E ^ F is analytic at a £ E, then there exists 5 > such 
that 

\\{gia + Xj) - 5(a))- < D||(x,)°^ilU,i 
whenever \\{xj)^i\\w,p 

Proof. If g : E ^ F is analytic at a and C, c > are such that 
1 ^ 

||-d'=5(a)|| < Co'' for every k 
then, for each ip £ F', we have 

1 ^ 1 ^ 

\\—d^ipg{a)\\ = \\ip—d''g{a)\\ < Cc''\\ip\\ for all k 

and hence, by a result of Defant and Voigt (see jJU], Theorem 1.6 or jl2j). 

1 ^ 

||-(iV5(«)lla«(l;l) < e^Cc^M. 

Let us denote by ea > the radius of convergence of g around a. Thus, if 
II (a;^)-,^!^,! <5 = min{2^,ea} we can write 

oo ^ A 

i^p ^9ia)\\as{l;l)\\{^j )j=l\\w,l 



ipg{a + Xj) - ipg{a) \<'}2\\u^''^9{a)\\as{i;i)\\(x^''°° "'^ 



j=i k=i 

oo A 



^.or=iL,iEii^^'^^^(«)ii-(i;i)ii(^^-)r=iiiS^ 

k=l 



oo 



k=l ^ ' 

for every ip £ Bp. Hence 

||(<7(a + x,-) -<?(«)) -^ilU.i < I)||(x,-)°^ilU,i 
whenever ||(a;j)^]^||ii,^p < 5M 
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Proposition 7. // F has cotype q and g : E ^ F is analytic at a £ E, then 
g is {q; l)-sum.ming at a. 

Proof. Let a & E. Since g is analytic at a, there exists 6 sucli that 

\\{g{a + xj) - 5(a))°^ilU,i < I?||(x,)°^ilU,i- 



Let (a^jOj^i G ^i(-E) and let jo G N be such that \\ixj )i=i^\\w,i 

oo 

iY, II 9{a + Xj) - g{a) ^f'^ < C,{F) \\ {g{a + Xj) - g{a)) 
j=jo 



oo II 



Obviously, 



Hence 



io-i 

\\g(a + x,)-g{a) r)V'? < oo. 



(5^ ||5(a + x,-)-5(a) r)i/^<oo 
i=i 

whenever (x^)^^ € liiE)M 

In the real slight variation of the Proposition [7| can be made as we 

see below: 

Proposition 8. Let f : E F be an application of class at a £ E. If 
cotF < q and cot E < kq, then f is {q; l)-summing at a. 

Proof. Recall that if / is an application of class at a, by Taylor's 
formula there exists B^{a) such that 

A A 

|I/(a+x)-/(a)|| < \\df{a){x)+'^^{x)+...+^^{x)\\ + \\xt Vx € Bs{a). 

It is clear that we can consider {xj)^^ G so that Xj G Bs{a) for every 

j. Then, 

m 

(J2\\f{a + x,)-f{aWY/^< 
j=i 

A A 

< [f:mia){x,) + ^(x,) + ... + ^(x,)ii + \\x,\m/'. 

i=i 

Thus 

m 

(J^||/(a + x,)-/(a)|nV'^< 
i=i 

A A 

< E \ma)ix,) + ^(x,) + ... + ^(x,)iiY/^ + E(iix,f 
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A 

Since cotE < kq and since df{a), d^f{a) are {q; l)-summing, the proof is 
done.B 

It is not difficult to achieve the following result: 

Theorem 16. // F has cotype q, X is an £00, A space and f : X ^ F is 
analytic at a, then f is absolutely {q; 2) -summing at a. 

Proof. 

There are C > and c > such that 
1 ^ 

||-//(a)i| < Cc'' for every k. 

Thus, by in Theorem [7| we have 
(7.1) ^ 

ll^dV(a)|Usfe2) <C',(F)KG3'^||^dV(a)l|A'^< CgiF)KG3'^ Cc'' XK 
for every k >2. 

For = 1 we know that every linear mapping from X into F is {q',2)- 
summing and it is enough, in addiction with (IZ.ljl . to obtain positive Ci 
and ci so that 

1 ^ 

ll^dV(a)lla.(g;2) < ^icf for every k>l. 

If 6a is the radius of convergence of / around o, then, whenever (xj)^]^ is 
such that < min{2^,5a}, we have 

00 00 00 ^ /\ 

j=i j=i k=i 

00 00 1 A 

^EEii^^'/(«)(^^-)in'< 
k=i j=i 

00 A 

^ E II M^'-^^"^ 11-^2) II (^,)r=i 11^,2 = 
fc=i 

00 A 

= ii(^.)r=iiu,2Eiir!'^'/(«)ii-te2)ii(x,)r=iii^^ < 

k=l 

k 

< ci\\{x,)r=,\u,2Y.:-^, = c2ii(x,)r=iL,2. 
k=i ^ '^1 

Remark 2. Theorem coit/tf induce us to postulate that every mapping, 
analytic at a, from an Coo space into IC would be (1; 2)-summing. However, 
it is not true since the only absolutely (1; 2) -summing linear mapping is the 
trivial mapping. 
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The next example follows the same line of thought of Lemma |31 and The- 
orem 

Example 3. // X is an Coo space and f : X ^ K is a mapping, analytic at 
a, so that df{a) = 0, then f is (1; 2) -summing at a. 

The reader must note that the same reasoning of Theorem lead us to 
the following useful Theorem: 

Theorem 17. // the mapping f : E ^ F is analytic at a £ E and there are 
C > and c > such that for each natural n, 

(7.2) d''f{a)eVasis;r)rE;F) 
and 

(7.3) ||icr/(a)|L,,,^,, <Cc^ 
then f is {s;r)-summing at a. 

Remark 3. For entire holomorphic mappings we have a completer result, 
due to Matos 

Acknowledgement 1. The author thanks Professor M.C. Matos for the 
suggestions, G. Botelho for important contacts and D. Perez- Garcia who 
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